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Abstract 

We derive the symmetry group theorem to the Lin-Tsien equation by using the modified CK's 
direct method, from which we obtain the corresponding symmetry group. Conservation laws cor- 
responding to the Kac-Moody-Virasoro symmetry algebra of Lin-Tsien equation is obtained up to 
second order group invariants. 
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I. INTRODUCTION 



Conservation law which originates in mechanics and physics play an important role in 
physics and mathematics. Nonlinear partial differential equations (NPDEs) that admit con- 
servation laws arise in many disciplines of the applied sciences including physical chemistry, 
fluid mechanics, particle and quantum physics, plasma physics, elasticity, gas dynamics, 
electromagnetism, magnetohydro-dynamics, nonlinear optics, and the bio-sciences. Espe- 
cially, in soliton theory, conservation laws have many significant uses, particularly with 

" solutions, and numerical solution meth- 



2| admit infinitely many independent 



regard to integrability and linearization, analysis o 
ods. Furthermore, completely integrable NPDEs 
conservation laws. Besides, finding the symmetry of NPDEs is also very important. The 
mathematical foundations for the determination of the full group for a system of differential 

n n 

equations can be found in Ames [3|, Bluman and Cole and thegeneral theory is found in 



Ovsiannikov 



7| is an effective method 



5]. Among them, the modified CK's direct method p, 
for finding symmetries and one advantage of this method is that one can easily obtain the 
relationship between new exact solutions and old ones of the given NPDEs. 

Conservation law is closely connected with the the symmetry and this connection is given 
by the famous Noether theorem. In the classical Noethers theorem jsl], if a given system 
of differential equations has a variational principle, then a continuous symmetry (point. 



contactor higher order) that 

n 

yields a conservation law [9|- 



eaves invariant the action functional to within a divergence 



12| . The Noether theorem has been the only general device 



allowing one, in the class of Euler-Lagrange equations, to reduce the search for conservation 
laws to a search for symmetries. In the last few years, effective methods have been devised 
for finding conservation laws for the very special class of so-called Lax equations. In 2000, 
Kara presented the direct relationship between the conserved vector of a PDE and the 
Lie-Backlund symmetry generators of the P DE, from which it is possible for us to obtain 
conservation laws from symmetries (see, e.g. |l4|). 
The Lin-Tsien equation jl5 | 



where the variable u = u{x, y, t) is a velocity potential, is known as a completely integrable 
model. It has been widely used to study dynamic transonic flow in two space dimensions, 
plasma physics, optics, condense matter physics, etc. 



This paper is organized as follows. In section two, we derive the symmetry group theorem 
to the Lin-Tsien equation by using the modified CK's direct method, then the corresponding 
ie point symmetry groups and infinite dimensional Kac-Moody-Virasoro symmetry algebra 



16| are obtained straightforwardly. As a comparison, we also derive the Lie point symme- 



try groups by traditional Lie approaches and the result shows that both methods produce 
the same result. In section three, we first review some basic notions about Lie-Backlund 
operators and then using it we finally obtain conservation laws of the infinite dimensional 
Kac-Moody-Virasoro symmetry algebra as Lin-Tsien equation possessed up to second order 
group invariants. It is emphasized that equations with the same symmetries may possesses 
the same types of conservation laws. The last section is a short summary and discussion. 



II. TRANSFORMATION GROUP BY THE DIRECT METHOD AND KAC- 
MOODY VIRASORO STRUCTURE OF THE LIE POINT SYMMETRY ALGEBRA 

To find complete point symmetry transformation group of ([1]) , one should find the general 
transformations in the following form 

u = U{x, y, t, F{^,r],T)), (2) 

where ^, 77 and r are functions of x, y, t, F = F{^,ri,T) is also solutions of the Lin-Tsien 
equation in the variables ^, r] and r, i.e., 

2F.,5 + - F^^ = 0, (3) 

Fortunately, we can prove that for the Lin-Tsien equation it is enough to take 

u = a + (3Fi^,ri,T), (4) 

instead of ([2]), where a, (3 and 77, r are functions of 

To prove the conclusion (jl]), one should submit the general expression ([2]) to Eq. ([1]). 
After eliminating and their higher derivatives via ^ and vanishing all the coefficients 
of the different terms of the derivatives of the functions F, one can get many complicated 
determining equations for 4 functions U = U{x, y, t, F{^,r],T)), ^, 77 and r. Two of them 
read as 

^.tjIUfF^ = 0, T^CUpF, = 0, 
3 



For the reason that Up should not be zero and there is no nontrivial solution for = 0, the 
only way to cause the coefficients of and Fr to vanish is 



Vx = 0, Tx = 0. 



(5) 



Under the condition ([5]), the determining equation containing F^ is 



solving the above equation for U then proves the conclusion that assumption (j4]) instead of 
the general one ([2]) is sufficient to find the general symmetry group of the Lin-Tsien equation. 
Now the substitution of (jlj) with (JSJ into the Lin-Tsien equation leads to 



-rt^x)F^^ + {M^,, + 213% + + 2/36. + a^f^i^x 

+2aAix - 2^yiy + /3e.a.. + 2^^. + 2/3.6 - fiiyy)^^ - PrlF^r 
+ (2/3,n - 2/3,T, - l3Tyy)Fr + {MilF + (3{a£, + 2^^^ - 
+P{-ril + Tti, - Tyiy)Fr,r, + 2p{riti. - nyQF^r, + MxxF'' 
+(2/3te + Pxaxx + oix[3xx - Pyy)F + 2atx + axCtxx - otyy 

-2(3r]yTyFr^ = 0. (6) 



Eq. is true for arbitrary solutions F only when all the coefficients of the polynomials of 
the derivatives of F are zero which lead to a system of the determining equations for 6 

T, a and /3 



- 2(3yr]y + 2/3xr]t - pr]. 



'yy 



0, ^.mxx/3 + 2Cx/3x) = 0, 



(7) 



2/36x + axPU + ^axMx - 2/3y^y + K^ccxx + 2^^ + 2/3,6 - 







(8) 



+ 2/3^6. + /36/?xx = 0, /3r2 = 0, 2/3,.^ - 2/3,t, - /3r,, = 0, 



(9) 



{2l3tx + /3xa,x + ax/3xx - Pyy) = 0, /3(-?7^ + n^x - Ty^y) = 0, 



(10) 



mlP + ry^y-rtQ=0: Mil = ^. WiVtix - Vyiy) = ^ , (ll) 

4 



= 0, Pia^Cl + 2CtC, - Q = 0, 2at, + a^a,^ - ayy = 0, (12) 

f^VyTy = 0. (13) 

It is straightforward to obtain the general solutions of the determining equations (I71)- fll3p . 
The results are 



e = + + ^ + ^,,^ = ^ly^^^j^ (14) 

{-SQTuTutTt + 28t3 + 9ruttr?)y^ 
a = 



81r3 

2{-2r]ottTttTt + TioutT^ - TtttVotTt + 2T^^r]ot)y^ 

8 

/ 2(-4r/^^ + 3TtttTt)x _ -ATtt^otn - QVotVottn + Qjottrf + 5rft?]gf 2 
'^y q_2 I 

3r/ 

+ ( 5 + a2)y-— 4 + "1 (15) 

where ^0 = ^0(^)5 ''^o = Voit), t = '^(t), Q^i = Q!i(t) and 02 = «2(i) are arbitrary functions of 
time t. 

In summary, the following theorem holds: 
Theorem 1: If F = F{x, y, t) is a solution of the Lin-Tsien equation ([1]), then so is 
i-^QTuTtuTt + 284 + ^ruuTi)y'' 



u 



81r3 

2{-2i]ottTuTt + r]otttTt - Ttumtn + 2r^^r]ot)y^ 

8 

/ 2(-4r^^^ + 3TutTt)x _ -Artt^otTt - QyotVottTt + e^ptfT/^ + Sr^r^gf . 

3t/ 

2{-r]otrtt + riottrt)x tux^ (2^otn - ??ot)^ 
+ ( 5 + "2)?/ - -7: 4 



2 



T- 3 3rt 3 



+ai + r/F(e,r7,r), (16) 

with dH]), where ^q, r]Q, r, a\ and are arbitrary functions of t. 

Applying the theorem to some simple exact solutions without arbitrary functions, one 
may obtain some types of novel generalized solutions with some arbitrary functions. In the 
following, we just present one special solution example. 



Example 1. It is quite trivial that the Lin-Tsien equation ([T]) possesses a special simple 
solution 



F = 1. (17) 

Using the transformation theorem to the above special solution we have the following 
new special solution of the Lin-Tsien equation 



u 



81r3 

2{-2r]ouTttTt + rjQtttTt - rutVotTt + 2TlriQt)y^ 

8 

2(-4r^^^ + 2>TtttTt)x _ -ATtt^Qtn - QyotVottTt + Qjmrf + ^Tuillt . 2 

qT-2 1 >y 

^' H a2)y — 4 



3n 

+ai + T/. (18) 

In the traditional Lie group theory, one always tries to find the Lie point symmetries first 
and then use the Lie's first fundamental theorem to obtain the symmetry transformation 
group. Conversely, we are fortunate to obtain the symmetry transformation group in the 
first place by a simple direct method. Once the transformation group is known, the Lie 
point symmetries and the related Lie symmetry algebra can be obtained straightforward by 
a more simple limiting procedure. 

For the Lin-Tsien ([1]), the corresponding Lie point symmetries can be derived from the 
symmetry group transformation theorem by setting 

7]o{t) = eh{t), T{t)=t + ef{t), ^Q{t) = eg{t), «i(t) = em(t), 

a2{t) = en{t), (19) 

with e being an infinitesimal parameter, then (fT6|) can be written as 

u = F + €a{F) + 0{e^), 
a{F) = (g(t) + ^Mt)x + ^fu{t)y' + yh,{t))F, + {h{t) + pt{t)y)Fy 

+fFt + ^.mF - ptttxy^ - ^fttx^ - 2gt{t)x + m{t) 

+n{t)y - ^ftmy^ - yim{t)y^ - 2guy^ - 2huxy, (20) 



The equivalent vector expression of the above symmetry reads 

+ ilhmit)y^ + 2huxy)^} - - {nit)y-^} 

= Viifit)) + V2{g{t)) + Vsihit)) + V^{m{t)) + V^init)). (21) 

Since the functions /, g, h, m and n are arbitrary, the corresponding Lie algebra is an infinite 
dimensional Lie algebra. 

It is easy to verify that the symmetries V^, i = 1, 2, 3, 4, 5 constitute an infinite 



dimensional Kac-Moody-Virasoro 16|] type symmetry algebra S with the following nonzero 
commutation relations 



[Viif). V,{m)] = 


= y^i^mft + fmt), 


(22) 


mg), Vs{h)] = 


V5{2{2hgu- ghu + htgt)), 


(23) 


[Viif), Vsih)] = 




(24) 


mf), V^ig)] = 


V2{gtf - ^gft)), 


(25) 


mgi), ¥2(92)] 


= V4{2gug2 - 2gig2t), 


(26) 


[Vs{h), V,{n)] = 




(27) 


[Viif), V,in)] = 


V^iftn + fnt), 


(28) 


m.h), V,{f2)] 


= Vl{flf2t — f2flt), 


(29) 


mh), Vs{h2)] 


= V2{hih2t - h2hu), 


(30) 



It should be emphasized that the algebra is infinite dimensional because the generators 
Vi, V2, V3, V4 and V5 all contain arbitrary functions. The algebra is closed because all 
the commutators can be expressed by the generators belong to the generator set usually 
with different functions and the generators contained different functions belong to the set. 
Especially, it is clear that the symmetry Vi{f) constitute an centerless Virasoro symmetry 
algebra. 

As a comparison, we now derive the Lie point symmetry of the Lin-Tsien equation by 
the standard Lie approach briefly. 



To study the symmetry of the equation ([T]), we search for the Lie point symmetry trans- 
formations in the vector form 

d d d d 

ox oy ot ou 

where X, F, T and U are functions with respect to x, t, u, which means that ([1]) is 
invariant under the point transformation 

{x, I/, t, -u} — !■ {x + eX, y + ey, t + eT, w + eU} 

with infinitesimal parameter e. 

In other words, the symmetry of the equation ([T]) can be written as the function form 

a = Xu^ + Yuy + Tut - U, (31) 

where the symmetry cr is a solution of the linearized equation for ^ 

'^CFtx + C^xUxx + UxCTxx — CTyy = 0, (32) 

which is obtained by substituting u = u + ea into ([T]) and dropping the nonlinear terms in 
cr. 

It is easy to solve out X{x,y,t,u), Y{x,y,t,u), T{x,y,t,u) and U{x,y,t,u) by substi- 
tuting fl3T|) into fl32|) . and eliminating Uyy and its higher order derivatives by means of the 
Lin-Tsien equation. After taking the constants as zero, we get the results 

X{x, y, t, u) = ^Ttx + ^Tuy^ + X^y + Y, (33) 

Y{x,y,t,u) = '^Tty + X, (34) 

T{x,y,t,u) = Tit), (35) 

U (x, y, t, u) = ^x'^Ttt - ^uTt + '^xy^Tm + 2xXuy + 2xYt 

+ ly%tu + ^Xuty^ + 2Yuy^ + Ziy + Z2, (36) 

where X, Y, T, Z\ and Z2 are arbitrary functions of t. 



8 



The vector form of the Lie point symmetries reads 

112 1 
+ {-uTt - -x^Ttt - -xy^Tttt - 2xXtty - 2xYt - -y'^Ttut 
o o o y 

-'^Xutv' - 2Yuy' - Z,y - ^2) (37) 
which is exactly the same as that obtained by the modified CK's approach. 



III. CONSERVATION LAWS RELATED TO THE THE SYMMETRY (B 



In order to obtain conservation laws related to the symmetry (!37ll . we need some basic 
notions about Lie-Backlund operators first. 
A Lie-Backlund operator is given by 

where r] and the additional coefficients are 

C^,^, = D,^,^{W)+eUJi,^„ (39) 

and W is the Lie characteristic function defined by 

W = r]- i^Uj (40) 

with Di being the operator of total differentiation 

d d d 
A = ^ + Mi— + Mij- \ , i = l,---,n, (41) 

OX^ OU OUj 



as 



Ui = Di{u), Uij = DjDi{u). (42) 



These definitions and results relating to Lie-Backlund operator can be found in [17[ and the 
repeated indices mean the summations known as the Einstein summation rule. 

Using equations ( 138|) -( H2|) . we can calculate the 2nd-order Lie-Backlund operator of the 
vector field V defined by equation fl37j) : 

^" = l^Tt + ^Tuy' + Xty + Y, (43) 



112 1 



-TtUy + ^Ttttyx + 2xXtt + ^y^Tutt + 2Xuty^ + AYuy 
+Z^-{^Tuy + Xt)u,, 



—Ttut - ^uTu + ^x^Tut + ^xy^Ttttt + 2xyXut + 2xYu 

1 2 

+ -y"Ttmt + -Xtttty'^ + 2Fttt2/2 + Z^^tV + ^2,t 

-{\xTu + ^2/'Tt« + yX« + Yt)u, - (^yTu + Xt)uy, 



= -^Tt^x^t - '^Tuu^ + ^xTttt + ^y^T^tttt + 2X«ty + 2^^ 

11 2 
-(3a:Ttt + -y^T^t^ + yX^ + - (g^tty + Xt)u^y, 



h A A ^ 2 

= -^TtUyy + -xTttt + -?/'rtttt + AXttty + 4ytt - -u^Ttt 

2 



4 4 
-27(^^4 - Tttiij/ + -xyTtttt + 2xXut + ^y^tttt + '^Xutty'' 

2 2 
+AyYut + ^i,t - {-yTut + Xu)u:c - {^yTtt + Xt)u:ct 

11 2 

-(ga^Ttt + -y^Tttt + yXu + Yt)u^y - {-yTu + Xt)Uyy, 



10 



7 5 1 1 2 2 2 

Ctt = ~-^TtUtt — —TttUt — —TtttU + -X Ttttt + -^xy Tttttt + "^xy^tttt 

1 2 

+2zyjtt + -^y^Tutttt + i^Xttmy^ + '^Ytttty'^ + Zi^tty + ^2,** 

-{\xT,u + ^y^T,, + + Yu)u. - 2{\xTu + '-y'Tu, 

2 2 

+ Yt)u^t - i^yTttt + -'^tOwy - '^i.^yTtt + (55) 

Correspondingly, the second order Lie-Backlund operator is given by 

ox Oy Ot OU OUx OUy OUt ou^x 

OUxy OUxt '-'^yy OUyt UUtt 



Theoremf 



18|, [l3|): Suppose that Xq is a Lie-Backlund symmetry of ([T]) such that the 



conservation vector T' = (Ti, T2, T3) is invariant under Xq. Then 

3 3 

Xo{T,) + ^T,D,e, - ^T,D,(6) = 0, (2 = 1, 2, 3), (57) 

i=i i=i 



where = D^, D2 = Dy, D3, = Dt and are determined by 

A Lie-Backlund symmetry Xq is said to be associated with a conserved vetor T' of ([1]) if 
and T' satisfy relations f l57|) . 

Now we construct the corresponding conservation laws relating to ( 137|) in the form 

D^Ji + DyJ2 + Ap = 0, (58) 
where Ti = Ji, T2 = J2, T3 = p with Ji, J2 and p being functions of {x, t, u, Ux, Uy, 

Utt}- 



11 



In terms of T' = ( Ji, J2, p), Eq. (157|) is equivalent to the following three equations: 



aii 3 3 3 ourr 



+ 



4 



4 , 



dJi 

dUn, 



9 

4^ 1 1 2^ 2 2^ 

-^TtUt - -uTtt + -X Tut + -^xy Tutt 



+2xyXut + 2xYu + ^y%tm + '^Xuttv' + 2Yuty^ + Z.^^y + Z^^t 



-(-xTtj + -y'^Tttt + yXtt + - {-yTtt + Xt)uy) 

+ o-'tiJ^ ^ 



dJi 
dut 

4 4 2 



+ (-Tin, 



dJi 



du. 



■xy 



+ 



-TtUj;t - -TttUcc + -xTttt + -y Ttttt + 2Xttty + 2Ytt - {-xTtt 



+^y'^Tttt + yXtt + Yt)u^^ - {-yTtt + Xt)u^y 



dJi 
du 



+ 



xt 



5, 
3 



~~TtUyy + -XTttt 



+ ^y'Ttttt + ^Xttty + AYtt - -u.Ttt - 2{-yTtt + Xt)u,y 



dJi 
du 



yy 



+ 



4 



4 



2uytTt - UyTtt + -xyTtttt + 2xXttt + -y Tttttt + 2Xtttty + 411^?/ 

2 2 11 

+Zi^t - {-yTttt + Xtt)u^ - {-yTtt + Xt)utx - {-xTtt + -y'^Tttt + Xtty 



+Yt)u,y - {-yTtt + Xt) Uyy 



dJi 
du 



+ 



yt 



——u T — —u T — —uT 

^Utt t ^Ut tt ttt 



Ttttt + -^xy Tttttt + 2xXtttty + 2xYttt + -y Ttttttt + ^Xttttty + 2Ytttty 

+Zi^tty + Z2,tt - {^xTttt + ^y^Ttttt + Xttty + Ytt)u^ - 2{^xTtt + ^y^Tttt 

dJi 5, 



2 2 

+Xtty + Yt)ut.j, - {-yTttt + Xtt)uy - 2{-yTtt + Xt)uyt 

-{Xt + yjTtt)J2 - {\xTtt + ^y^Tttt + yXtt + Yt)p = 0, 



dutt 



-TtJi 



12 



OU 6 6 6 OU^ 



+ 



-TtUy + -xyT^it + 2a;Xtt + -y^Tutt + 2X^4^2 + ^Yuy + 



dUn, 



4^ 1 ^ 1 2^ 2 2^ 
-TtMt - -uTtt + -X Tut + g^^y -?tttt 



1 



dJ2 
dut 



2^ ^ 5J2 
O CJU/'r'r 



4 4 2 



dJo 



du 



xy 



+ 



-^Ttu^t - -^Tttu^ + -xTttt + ^y'^Ttttt + 2Xttty + 2Yu - {-xTu 



+^y'^Tttt + yXtt + Yt)u^^ - {-yTtt + Xt)u^y 



dJo 



du. 



+ 



xt 



2 '^tUyy 



+-xTut + -y^Tutt + ^Xttty + 4Ftt - -u^Tu - 2{-yTu + Xt)u^y 



du. 



yy 



+ 



-2uytTt - UyTu + ^xyTutt + 2xXut + ^y^tttt + 2Xutty^ + ^Yuty + 

2 2 11 

^gl/^m + Xu)u^ - {-yTtt + Xt)utx - (g^^tt + + ^tty + ^^t)^; 



-{■^yTtt^ Xt)Uyy 



dJo 



du 



+ 



yt 



-UttT — -'I 
3 3 

1 



~7;'^ttTt — —UtTtt — —uTttt + —^'^'^tttt 



1 

-'( 
3 



1 

3^ 



2^ttttt + 2xXtttty + 2xYttt + 7:2/ Ttttttt + ^Xttttty-" + 2rtttt2/ 



9- 



,1 



1 



1 



+ Z2,« - (-xr«i + -y'Ttttt + ^t«2/ + ^'tO^^o. - 2{-xTtt 
+\y''Tut + ^tty + Yt)ut:, - i^yTttt + Xtt)uy - 2{^yTtt + Xt)uyt 
+^TtJ2-{'^yTtt + Xt)p = 0, 



dJ2 
dutt 
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+lx^Tu + '^xy^Tut + 2xyXu + 2xYt + ^y^Tutt + \xuty^ + 2Yuy'' 

+Z,y + Z2)^ + {—Ttu^ + \xTu + \y^Tut + 2Xuy + 2^^)!^ 
3 3 3 ou^ 

-TtUy + ^x?yT«t + 2xXtt + ^y'Tt^^^ + 2Xttt?/2 + ^Yuy + 



+ 



(9p 



+ 



4^ 1 ^ 1 2^ 2 
--TtUt - -uTtt + -X Tut + i^xy Tt 



+2xyXut + 2xYu + ^y%tttt + + 2Yuty^ + Zi,^?/ + Z^, 



1 

dp 



dp 

dut 



3 
(9p 



5 



4 4 2 



du 



■xy 



5 2 2 2 2 

--TtUxt - -TttUx + -xTttt + Tltit + 2Xttty 



11 2 

+21^4 - {-xTtt + -y^Ttft + yXti + Yt)uxx - {-yTtt + Xt)uxy 



+ 



3 3' 

-\TtU,y + ^xTtu + \y'Tuu + ^Xtuy + iYu - \uxTu 



dp 



du 



xt 



-2{-yTu + Xt 



t)Uxy 



dp 
du 



+ 



'yy 



4 

-2uytTt - UyTtt + -xyTtttt + 2xXut 



3' 

4 2 2 

+ -y^Tttttt + 2Xuuy^ + 4:Yuty + Zi^t - {-yTm + Xu)ux - {-yTu 

11 2 
+Xt)utx - {-xTu + -y'^Tttt + Xtty + Yt)uxy - {-yTu + Xt)u 

7 5 11 2 

--UttTt - -UtTtt - -uTttt + -x'^Ttttt + -xy'^Tum + 2xXtttty + 2xYt 

12. 11 

-^y^Tutttt + i:Xuttty'^ + 2Ytttty'^ + Zi^tty + ^2,^ - {i:xTut + -y^T; 



dp 
du 



•yt 



+ 9" 



-2{-yTtt + Xt)uyt 



dp 
dutt 



+ Ttp = 0, 



The solutions Ji, J2 and p of (j59l) - (!6Tl) can be directly solved: 

P = foit)Ki{ti, t2, ts, ■ ■ ■ , ^12), 



J2 = [fi{t) + f2{t)y]K^{tu t2, h, ■■■ , tu) 
+ Mt)K2{tu t2, h, ■■■ , tu), 
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Jl = [/4(t) + /5Wa; + /6(% + /7(%']i^l(tl, t2, h, ti2) 

+[fs{t) + f9{t)y]K2{tu t2, h, ■■■ , h2) 

+fio{t)Ks{ti, t2, h, ■■■ , tu), 

where Ki, K2 and are arbitrary functions of {ti, ^2, ^3, • • ■ j ^12}, and /j, i = 0, 
are functions fixed by: 

k = T-\ 



U = YT-\ U = -TtT-\ h=XtT-\ f, = -TuT-\ 
fs^XT-l, /9 = ^T,r-i, /lo = T-i, 



with the invariants being 



h^T-ly-X,, 



t2 = T--SX - ^T-lTty^ - T-IXy - Yi, 

+T-lxX^ - 2T-lxY + Ir-lyXtTt + ^T-ly^XtTt 
+ ^T-ly^XTtt - 2T--syxXt + ^T'lyxXTt - '^T^ixy'^Tu 
--T-3y%, - -T-sy'Xu - -T-sy'XT^ + -Tsxy'T^ 
+2T--sy^XXt - ^T'ly^X^Tt + ^T'ly^Y + AT'lyXY 
+uT-s + ^Ys, 



U = u^tI - ^T-^r^x + ^T-ty^T^ - h'-i^y^Tu - 2T-^yXt 

+-T-lyXTt + X^T-t - 2YT-^, 
3 
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'^Ttu^y + '^T-'xXTt + ^T'^xyT^ - ^xyTu + ^T-'y%Tu 

+^T-YXtTt + '^T-yXTu - ^-T-^y^XT^ + 2T-^yXXt 

-^T-^yXX + ^T-^yYTt + 2XT-'Y + Xu, - 2xXt - ^y'Tut 
2 16 

{9utT - 9Z2 + 9uyX + 9Yu^ - Tuttv'' - ST^x^ - l^Yuy'' 
-9Z,y - ISYtX + 3TtU - 6Xtuy^ + QuyTty + STtXU^ - 6xy^Tut 
+3Tuy^u^ + 9yu^Xt - ISxXuy), 

h = UxxT — -Tt, 

= ^T-i {9uxyT^ + 9uxxTX + ^u^^yTtT + AyT^ - UyTTu 

-18TXt + 6XTt), 
1 2 

-T3{3utxT + 3uxyX + 2uxyyTt + Su^xY + SuxxyXt - 2y^Tut 

2xTu-6Yt + 2uxTt-6Xuy), 

= ^T-l {27uyyT^ + 54uxyT^X + SGuxyyT^Z + 27uxxX^T 
+36uxxyTXTt + 12uxxy'^T^T - 1Q8T% - 18X% + 36TYTt 
+18T^TtUx + l2xTT^ - 36xTuT^ - 8y%^ + Uy^TTtTu 
-36y^TutT^ - l08yT^Xu + SGyTXtTt - 2AyXT^), 

= UtyT'' - Z{r + UxyX'^ - 2XYt + ^UxyT^ + \uxXTt 

--yYtTt + UxTXt + UyyTX + UtxTX + -u^yy T^ 

-'^xXTtt - \y''XTtu - 2yXXu - ^y^T^Tt - ^y'^XuT^ 

-2xTXu - 2y^TXut - ^y^TTtut - ^yTYu + UxyTY 

y 

+UxxXY + ^TTtUxyX + UxyyTXt + ^Uxyy'^TTu - ^xyTTut 

2 2 1 2 

+-UxyTTu + UxxyXXt + -UxxyTtY + -Uxxy XTu 

2 ^ A 4 2 o 

+-Uxxy TtXt + -UxyyXTt - -xyTttTt + -Uxxy TuTt 

12 2 2 

+-UxxxXTt + -UxxXyT^ + ^TTtUyyy + -UtxTTty + TTtUy, 
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where 



ti2 = ^Tl{-9Z2,tT-9Z,X + uT^ + 15u,yXtTt + 9uttT'' 
+9uyyX'^ + 9u^^Y^ + 15utTtT - ISYtY + ISutyTX 
+18utxTY - 6y^T„Yt - Gy^TutY + SuTTu - WTYut 
-Qy^TXutt - ISxTYu - Ty%utt - STx^Tut - Uy'XutTt 
-Ay^XTutt - l^xXXtt - QxTuY - WXuXt - 30y V^^T^ 



+9u,xy''Xl - Gy'TuXu - Qy'TutXt - 2y*TuTut - Sy^Tt 



tttt 

3x TifTi + Uxxy %t + ISuxyXY + UxxxX + "^UyyyX 
-ISyYXtt - 36yXYu - 2xy%] - ISy^XXut - ^Z2Tt 
+2uxxXy'^TuTt + GuxxXyTtXt - 9yTZi^t + 9uyTXt + 9uxTYt 
-UxYtTt + UuyXTt + 9uxXXt + 9uxTtY - l^yYtXt - 9yZ,Tt 



+3uxxT^ + SuyyTl + 9uxyTXu + Gutxy'^TTu + GutxxTtT 



+12utyyTtT - ISxyTXttt + STu^y Tut + ^^Ut^yTXt 
+3uxxTTtt + GuyyTTtt - GTxy^Tuu + 12uxyy^TtXt 
+6uxyy^XTtt + QuxyXTtt + Au^yXyTf + Au^yy'^TuTt 
+6uxyxXTt + UuyyyXTt + Qu^xxYTt + Qu^xy^TuXt 
+lSuxxyYXt - 2AxyXuTt - GxyXtTu - l2xyXTut 
+7uxy'^TttTt - 12xy^TtttTt + Gu^xy'^YTu 

+18uxyyXXt + 12uxyyYTt), (79) 



Xu = XT", (80) 

Yu = -T-'^X^ + T-ir, (81) 

Y2t = ^1, (82) 

Yst = -T-^{15YX'^T - 6Y^T^ + 3Z2T^ - 5X^ - 3X^2^^). (83) 
To determine the functions of Ki, K2, and K3, we substitute (l62l) . fl63|) . and f l6^ into 
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(158|) which yields a comphcated equation 

Jl,x ~l~ Jlju'^x ~l~ Jl,Ux^XX ~\~ Jl,Uy^xy ~\~ Jl,ut^xt ~l~ Jl,Uxx^XXX 
~\~ Jl,Uxy'^xxy ~\~ Jl,Uxt^xxt ~\~ JlyUyy'^xyy ~\~ Jl,Uyt^xyt ~\~ Jl,utt'^xtt 
+ •^2,2/ + J2,uUy + J2,Ux^Xy + J2,UyUyy + J2,utUyt + J2,Uxx'^xxy 
~^ J2,Uxy^xyy ~l~ J2,Uxt^xyt ~\~ J2,UyyUyyy ~\~ J2,Uyt'^yyt ~\~ J2,utt^ytt 

~^Pt + + Pux'^Xt + PuyUyt + Put'^tt + Puxx'^XXt ~\~ Puxy'^Xyt 

+ PuxtUxtt + PuyyUyyt + P^.t^J/M + P«tt = 0- (84) 

To solve the complicated equation fl84l) . we begin from the highest derivatives of u for 
Ki, K2 and being {u^xx, u^xy, ■ ■ ■ , Uttt} independent. Letting the coefficients of 
{uxxx, Uxxy, ■ ■ ■ , Uttt} be zero, we can get a more simphfied equation. For example, the 
term of Uttt in (!84l) is 

3T^K,,t,,Uttt, (85) 

where Ki^t^ = There is no nontrivial solution for Ki t^^^ ^ 0, thus the only possible 

case is 

K^,t^2 = 0, t.e., Ki = Ki{tu t2, ■■■ , til). (86) 
Under fl5^ . the coefficient of Uytt is 

3Tl{K2,t,,+K,^t^,), (87) 
which leads to the only possible solution 

K2{ti, t2, is, ■■■ , ti2) = -ti2Ki^tii + K2l{ti, t2, ts, ■■■ , tu), (88) 

with i^2i(ti, t2, ts, ■ ■ • , til) being an un-determined function of the indicated variables. 

Like the procedure to eliminate Uttt and Uytt, vanishing the terms of Uxxx, u^xy, ■ ■ ■ , Uyyy 
results in 

Ki = i-F2t8 + Fst7 + Fio)tu + {Fitj + Fn + F2tg)tw 

+ (F4 - tsF3)tg - Fitl + (F5 + Fe)ts + Fsh + Fi4, (89) 

K2 = (-^2^8 — F^tj — Fio)tl2 + { — Fit-j — F2tg — Fii)tii 

+tlF3 + (F5 + F^ts)tg + F^tr + Fgts + F13, (90) 
18 



^3 = (-^2^10 + tsFs - F^)tu + F2t\^ + (Fits - ^3*9 - 2F5 

-F6)tn + (-i^itg - ^^9)^10 - ^^7^8 - ^^8^9 + i^i2, (91) 

with 14 equations satisfied: 

Fi^tzh + F-r^tz - F^^ti = 0, 

-^2,44 + Fi^tQ - Fs^ti = 0, 

-^8,t3^6 + Fi2,t4 + -^7,ti + F-j^tzh — 0, 

--^4,t4 + -^8,t6 - -^3,t3^5 - -^3,ti = 0, 

~-^9,t2 + -^13,t5 ~ -F9,t3^4 + -^ll,t3^6 = 0, 

— Fll^te + -^2,t2 + -^lO.ts + -^2,t3^4 = 0, 

— -^10,ti — F^^tati + Fu^te ~ -^lO.ta^S — -^4,(2 — 0, 

-Pl3,ti + Fi2fyt4 + -Fl3,i3^5 + -Pl4,t3^6 + -^12,t2 — 0, 

--P5,t5 - Fll,t4 + -^l,t3^4 + -^l,t2 - -^2,43^6 + Fg^te = 0, 

-Fl4,t4 + -^5,t3^5 + -^5,ti + -Fl2,t6 ~ -^8,t3*4 — -^8,(2 + -^4,(3^6 = 0, 

—F8,t5 — F-^^te + 2-^5,44 + Finish — F^^tztQ + Fq^h + = 0, 

--^4,t5 + ^2,t3^5 - -flO,t4 + -^2,ti + -^3,i3^4 + ^6,46 + 
+F3,t, = 0, 

(-^5,t3 + -^6,43)^6 + -^9,*! — -^7,(3 ^4 + Fi2,t5 + -^9,t3^5 + -^13,44 
-F7,t, = 0, 

-Pl0,t3*6 — (-^6,(3 + 2-^5,43)^4 + -^13,t6 + Fu,t5 ~ Fll,ti ~ 2^5,(2 

-i^ii,t3*5 - i^6,t2 = 0, (92) 

where Fi, i — 1,2, ■■ ■ 14 are functions of {^i, t2, h, t^, t^, to}. Fortunately, the equations 
are hnear system which is straightforward to solve. 
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For simplicity, we just list the final solutions: 

+«2,t5 + oi%Mtz)^'r + '^5,t5 + Q;7,tBtB + Q;i,t2tB + ^4Q;i,t3tB)^io 

+ (-«2,t6^8 + «3,t6)^9 + (-ai,t4t5 - "2,t5 - a6,t5t5)^8 

+((Q;6,t3t5 + Q;2,t3 — ociQ^titi)^^ + Q;6,t2t4 + ocum + ^4Q;6,t3t4 

+ a3,t4 - "7,t4t4 + «6,t3 + «2,tl + «6,ht5 + «8,t4)^7 + («7,t3t5 

\ 2 

~OLw,t2tA + Q;i5,t3 ~ ^4CHo,t3t4 + Q;io,t3 + o;5,t3 j^s + ^4<3;6,t3t3 

+ (Q;i3,t3 + <^ll,t3 ~ OilMU + <^8,t3 + Q;3,t3 + 2Q;6,t2t3)t4 

+Q;17 + Q;5,ti + Q;7,tit5 + "3,42 + «8,t2 + ttlO,ti + «15,ti 

K2 — (ai.istgts — «2,t6^7 — Q;5,t6)^i2 + ( — Q;i,t5t6^9 

~^4Q;i,t3t5 — Q;5^tg)tii + t9Q;2,tg + (t8(Q;i,t4tB 
+Q;2,t5 + Q^e.tsts) ~ ^6o;i,t3t6 + (<^6,t3t5 + o;2,t3)^4 

— Qi7,t4tB + 0^9,t6 ~ Ctl,t3 ~ Q'5,t4 + 0^6,42*5 + '^4,t6 
+a2,t2)^9 + a4,t5^8 + ((«10,t4t4 - Oi2,t3 - (^6,t3t5 

-ai,t3t4)*6 + Q;4,t4 + a9,t4 + «i2,t4)^7 

+ ((~Q'l,t3t3 + '^10,i3t4)^4 — «10,t3 ~ o;5_t3 — ay^tgtg 
~Oii,t2t3 + Oiw,t2tA ~ Q;i5,t3)^6 + Q;9,t2 + Q;4,t2 + Q;i2,t2 

+ (ai2,t3 + Q;i4,t3 + «9,t3 + «4,t3)^4 + Q;i4,t2 
~Q^16,t2 + <^18) 
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= ( — ttl,t5tgtlO + a2,t6^8 «3,t6)^12 + ^llCtl.isie 

+ (t8(ttl,t4t5 + «2,t5 + Oe.tsts) ~ Oi2,te^9 ~ ^4Ct6,t3t5 

-«3,t5 + "l,tlt5 + ^5ai,t3t5 - "8,45)^11 + ((-"1,44*5 
— Ct2,i5 — "6,45*5)^9 "~ "4^45)^10 + (( — tt2,t3 — 0!6,t3ts 

+{{—aiQ,tiU + 0^2,43 + tt6,t3t5 + 0^1,43*4)^6 — CtA,U 

~09,t4 ~ CH2,t4)^8 + (^5«l,t3t3 ~ ^406,43*3 ~ 06,i2t3 
— Ct8,f3 ~ 03,t3 ~ CH0,tit4 ~ Otll,ti — Oi3,t3 + Oti^t^ti 
+"3^7,43*4)^6 + {~(^9,tz ~ OlA.ts ~ Q^12,t3 ~ 014,43)^5 

-a4,ti - tti2,ti - ai4,ti + ai6,ti - Oq,*!, (95) 

with ai{i = 1, 2, ■ ■ ■ ,5) being arbitrary functions of {ti, t^, t4^, t^, tg}, ai{i = 6, 7, 8) be- 
ing arbitrary functions of {ti, t2, ta, ^4, ts}, ag being arbitrary function of {ti, t2, ^3, ^4, ^6}j 
0:4(2 = 10, 11, 12) being arbitrary functions of {ti, t2, h, t^}, ais, 014, ais being arbitrary 
functions of {ti, t2, ts}, Oie, 0(17 being arbitrary functions of {ti, ^2} and Oig is function of 

Substituting fl93|) - fl95|) into fl62l) - flMl) . we can obtain the conservation laws of the Lin- 
Tsien equation associated with the Lie-Backlund generator Xq. We have verified that the 
conserved vector (Ji, J2, p) really satisfied Eq. ( 158|1 . 

IV. CONCLUSION AND DISCUSSION 

In this paper, by applying the modified CK's direct method, we set up Theorem 1, which 
shows the relationship between new exact solutions and old ones of the (2+l)-dimensional 
Lin-Tsien equation. Using the transformation relations we then get the corresponding KMV 
symmetry algebra and the Lie point symmetry which coincide with the result generated 
from the standard Lie approach. 

We generate the conservation laws of the Lin-Tsien equation related to the infinite di- 
mensional KMV symmetry group by use of the Lie-Backlund generator up to the second 
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order group invariants. The existence of arbitrary functions of the group invariants proves 
the Lin-Tsien equation has infinitely many conservation laws which connect with the general 
Lie point symmetry fl37p . Though the symmetries and conservation laws are obtained from 
the Lin-Tsien equation, the conservation laws we derived is only depended on the symmetry 
which may be possessed by many equations. 
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